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Abstract

The aim of this document is to solve some equations related to ag-
gregate shaped leaky buckets flows with arrival curves /\ie[l,n] Yy b; and
nodes with service curve (g .

The two main results are the computation of the deconvolution A;¢(; ) Vr;.b, @
Br,T, that allows to get the effect of the traversal of such a node by this
kind of flow, and the computation of aggregate scheduling in FIFO node
with such curves.

Disclaimer This report is about network calculus, as described in [LBTO01].
There will be no network calculus recall here, and the reader should have a
background in network calculus before reading this report.
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1 Context

The leaky bucket is a very common model for specifying traffic constraint. In
network calculus, such a constraint is modelled by a +,; arrival curve. Since
the sum of two 7 curves is still a v curve, and the deconvolution of a v curve
by a Br,r curve is still a v curve (up to subb-additive closure), a lot of studies
have used this kind of traffic constraint. This stability by deconvolution is also
true for a traffic constraint by two leaky buckets (arrival curve of the form
Yrb A Ve b)), another kind on constraint popular because this is one used in
IntServ and named T-SPEC.

o alt) = {0 ift<0 0

rt+c else

Nevertheless, while studying the AFDX network [Gri04], another kind of
curve have been discovered, that generalises the previous ones: /\ie[l,n] Vra,bi-

How does it comes from ? In AFDX network, the application traffic con-
straint can be modelled by a ~ function, but we have shaping introduced by the
medium (on a link with bandwidth D, the traffic is always constrained by Ap,
there can not be any burst greater than the link bandwidth), and the sum of
functions of the form Ap A, is, in the general case, of the form /\ie[l’n] Vri b

We could of course neglect the shaping, but experimentation has shown that
is really decreases the computed bounds. This is why we decided to study this
kind of arrival curves.

This report is organised as follow: section 2 gives some results useful in the
proofs, section 3 defines a normal form for the functions /\ie[l,n] Yri bis and an
algorithm to compute this normal form. Section 4 then gives the first main
result; the effect of a Br; server on such a flow. Section 5 handle the case when
one such flow shares a FIFO server of service curve 8,7 with a flow constrained
by . Section 7 concludes.

Notations If X is a subset of R, f, g two functions, f =x ¢ means that
reX = f(zx)=g(x). Ry f {z € R|z < 0} denotes the set of non negative

reals.

2 Preliminary results

Theorem 1 (Sub-additive closure of v, @ Br,1r) Assuming R > r:
Vb @ BRT = VrptrT

PRrROOF From [LBTO1, §3.1.9], we have

Vrb @ BRT =Ry Vrp+rT (2)
Yrp @ BRT > VrbogrT (3)



e First Step: Yr,b %) ﬁR,T > Yr,o+rT
By isotonicity of sub-additive closure [LBT01, Theorem 3.1.11], eq. (3)
= Vb @ Br,T > Vrvtrr and VrprrT = Yrbp4+rr because 7y functions are
sub-additive.

e Second step: m < YrptrT
By definition 7,5 @ Brr = d0 A (Vb @ Br1) A (4 @ Br1) @ (Yrp @
Brr)) A.... It obviously follows, v,» @ Brr < do A (Vrp @ Br,T)-
Because ¥Vt < 0 : do(t) = 0 we have Vt < 0: v, @ fr,r = 0. Combining
this with equality of v, @ Br.r and v, p+rr on Ry, we have oo A (7,4 @
Br,T) = Yrbtrr-

O
Corollary 1 (Sub-additive closure of 7, @ d7)
m = Yr,b4+rT
ProoF Direct application of Theorem 1 with dp = Foo, T |

3 Normal form of aggregation of shaped leaky
buckets

Before giving the main results, and in order to simplify the proofs (and the
implementations), we first define a normal form for the kind of function studied.

3.1 Definition of normal form and first properties

Definition 1 (Normal form of A;c(y ) Yrib:) Let vry by, .o, Y0, beaset
of v functions. Let 7; denotes ;. p,.

The term /\ie[1 n) Vi I8 said to be under normal form of minimum of v func-
tions, iff

e there is no useless constraint:

Vi,ﬂti > O,Vj 75 7 "Yi(ti) < ’}/j(ti) (4)

e and the ~; are sorted by decreasing rate

1< _] =Ty >Ty (5)
If /\ie[1 n) Vri,bi is under normal form, the sequence 1, - , ,41 of intersec-
tion points, and yi, - - - ,yn+1 the intersection values, formally defined by:
=0 y1 = b1
vilzi) = vig1(m;) for 1 <i<ny;=7y(x;) for1<i<n (6)
Tpt1 = OO Tp41 = OO
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Figure 1: Set of v functions under normal form

The condition (4) expresses that for all function ~,, p,, it exists (at least)
one point ¢; such that v, b, (ti) = A;e[1 ) Vri,0:» and, moreover, it is unique. An
equivalent definition could have been that, if any ¢ is removed, the function is
not the same!.

The condition (5) is just a usefull permutation.

The definition of the x; is given to express the semantics of theses points.
The value can of course be computed: z; = ifﬁ

An example of such a set and related definitions is shown in figure 6.

Property 1 (Some properties of normal form of /\ie[l,n] Yri,bs)

If the expression /\ie[l n) Vribi U under normal form, as defined in definition 1,
we have some properties:

e the sequence x; is increasing (x; < Tiy1),
o the sequence b; is increasing (b; < bit+1),
e the sequence r; is decreasing (r; > Tit1),

o the function is piecewise linear

Vie[l,n]: /\ Vi i@l Vi

JE[1,n]

vie [1,n]: /\ Yrj,bj # /\ Yrj,b;

JEL,n],i#j jE[l,n]
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Figure 2: A /\,7; not under normal form

3.2 An algorithm to get normal form

Of course, in real life, the set of « functions are not under normal form. Then,
an effective way to get the normal form from a general set has to be build.

For example, we would like to be able to transform the set of (7;)ie[o,5 of
Figure 2 into the subset (7;);e1,3 already seen at Figure 6.

The idea of the algorithm is the following. First, we have to find the v,
of normal form. This is the v, ; function with the lesser b. If there are several
function with the same b(?), we chose the one with the lesser 7. Then, we remove
from the list all v, , with a rate r greater or equals to the one of ;. Then, to
chose 2, the intersections points of v, with all remaining ~; is computed: s
is the one with the “lesser” intersection point. Comptutation of 3 is done the
same way, etc.

To simplify the proof, the algorithm assumes that the ~,,;, function are
sorted on 7; in wide-sense decreasing order.

Theorem 2 (Algorithm 1 reduces a set of 4 functions to is min normal form)
Applying the Algorithm 1 to a finite set of function {'Vi}ie[l,n] such thati < j =

ri > 15 returns a set {vi};cp, with I C [1,n], that satisfies the normal form
conditions of Definition 1 (Equations (4) and (5)) such that:

A = Ao

i€[1,n] icl

Notation For a variable z, notation z!™ denotes the value of z just after
execution of line n.

2like v9 and 7, (TO BE FIX) in Figure 2



Algorithm 1 Reduction of a set of {v,, s, }

. function to min normal form
i€[1,n]

Require: n > 1land Vi,j € [1,n]:i <j=r; >1;

1: VAR
2: s : list of v functions {Sorted but not under normal form}
3: nf : list of v functions {Current normal form}
4: 7p: a v function {The new element to be added to nf}
5: ;: a v function {The last element added to nf}
6: CODE
7S {%}ie[l,n]
8: 7yp < £indMinAtOrigin(s)
9 s—{ypes|r<r}
10: nf « (v,,) {List of one element ~, }
11: v < Vn
12: while s # ) do
13:  y, < minIntersection(vy, s )
14:  nf « nf. (7, ) { with . the concatenation operation on lists}
5. s—{vpEs|r<rp}
16: end while
17: return nf
with

findMinAtOrigin a function that inputs a set of 7,, ;, function and return the

one that have the minimum b; and, if they are several, the one with the
minimum 7;, and,

minIntersection a function that inputs a reference 7,; function and a set

of 7, functions, and that computes the intersections points between
vYr,p and each 7, 5, and return the one whith the minimum intersection
abscisse; if they are several, it chooses the one with the lesser r;.




PrOOF First step is that, by definition of findMinAtOrigin, just after execu-
tion of line 9, the min of s and {v,} is the same function that {v;}

A AN A A

’YTi,bies‘g ’L‘G[l,n]

i€[1,n]"

Let denote {7, s, };c; the function removed from s. But, by construction, they
all are greater than ~v,. So, they have no influence on the min. They can be
safely removed.

Second is the loop: we have to determine a variant (to prove termination)
and invariant (to prove the property). The variant is simple, this is the size of
nf, that decreases at each iteration. The invariant states that:

e the min of elements of the union of s and nf is equals to the min of the
initial set, and

e nf satisfies the normal form conditions of Definition 1, and

e the current 7, is lesser than all other elements of nf from x,_; up to co
(with the same definition of z,, that in Definition 1), and,

e all elements of s have an increase rate lesser than all elements of nf, and

e for all ¢ € (0,2,—1] the minimum is in nf, not in s: (/\%Enf "yi) t) <
(/\'yies ’71) (t)

Because at the end, nf is empty, then, s is the normal form of the min of the
input set.

Each step of the loop preserves the invariant because: we know that -, is
lesser than all elements of s at x,,_1, and that they all have an increase rate lesser
than ~,. Then, how long is =, lesser than the elements of s 7 All intersections
points are computed, and the one with the lesser x is the intersection with the
first that becomes lesser than ~, (notice that, since all functions are wide-sense
increasing, the lesser x is also the lesser y). O

Complexity

Lemma 1 (Complexity of the Algorithm 1) The Algorithm 1 has complez-
ity O(n?)

PROOF Operation findMinAtOrigin (line 8) is at worst O(n). The same for
minIntersection (line 13) and the loop (line 12) it executed at most n times.

We conjecture that there exist an O(nlog(n)) algorithm, but in practise, we
are handling problems of size about 10, and perhaps 100. In such little cases,
looking for such an algorithm is useless.
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4 Deconvolution of normal form A~; by Brr

Here comes the first results on handling A ; flows: the deconvolution of such a
flow by a S r function. The proof is done in two steps: firstly (Lemma 2), the
deconvolution by A is done, secondly (Lemma 3), the results is extended to
Br,1 by noticing that Srpr = Ar ®ér and f@ (¢g®h) = (f @g) @ h. Then, the
main result comes: Theorem 3 compute the sub-additive closure of the previous
result.

4.1 Deconvolution by Ar

Lemma 2 (Deconvolution of normal form of A\;v; by Ar) Let \;cpy ) i
be a function under normal form, as defined in Definition 1, and Brr o rate-
latency function such that R > r,. Then, (/\ie[l_n] %) @ Ar can be computed

on Rzo.

/\ Yi | © AR =Ry YR,B /N /\ Vi

i€[l..n] i€[k,n]

/\ v | ©Ar | (0) =B
i€(l..n]

with k = min{i | r; < R}, xy beeing 0 if k =0 and B =y, — Rxy.

The graphical interpretation could be the following: the Ar can be shifted
up, as long as it intersects only with v; with higher slope. Figure 6 shows such
a /\ie[l..n] v; set, and its deconvolution by A; in Figure 4 and by /\% in Figure 5.

Another point should be noticed: at 0, the deconvolution value is not nul.

Proor Notations In this proof, A, ~; is used as shorthand for /\ie[l,n] Ys-



At first step, we can compute the deconvolution in one point ¢ > 0 (the case
t = 0 will be studied after).

/\ v | ©Ar (t):sup{/\vi(t+s)—AR(s)}

i€[1..n] 0<s

= sup{/\”yi(t+s) —RS}

0<s

Let be fi(s) = A, vi(t+s)—Rs. Notice that v, s, (t4+s)—Rs = r;i(t+s)+b;—Rs =
(ri—R)s+b;+rit = ri—R)(t+s)+b;+Rt. Then, fi(s) = N;cpr n) Vri—Rop; (E+5)+
Rt. Tt should be clear that, for j, fi =(; 2;,.] ¥r;—Rb; — Bt and fi ==
Ty — R.

Tj,Tj41]

S T — 1
fi <0 0 >0
Tt / N
The maximum of f; can easily can be found: it is reached when t + s = xy,
and supq fi(s) depends of the ordering of ) and .

o if t < xp, sup,s fi(s) is reached for s = ), —t and sup,s fi(s) = Rt +
Niep,n) Vri—Rob: (Tk) = Rt — Ry, + ve(@k)

o if t > a1, sup,>g fi(s) is reached for s = 0 and sup,q fi(s) = A, vi(t).

If t = 0, we get the same result but the sup,~( fi(s) is the limit to the left
at 0, not a maximum. In this special case, we can have k = 1 ie 25, = 0. In this
case, the limit to the left is not Rt — Rxy, + i (x)) because v, is not continuous
at 0, neither A\, v;(0); but the value is b;. This is why we have defined y; = by
and not y; = A, vi(x1) =0...

To sum up
/\ie[l..n] Vi) @ AR =(0,0,) BE+ B N /\ie[l..n] %’) @ AR =r; VR,B N /\ie[k,n] Vi
/\ie[l..n] Vi) O AR =[or,o0] i Vi = /\ie[k,n] Vi (/\ie[l..n] ”Yi) © )‘R) (0)=B

O

4.2 Deconvolution by (g

Lemma 3 (Deconvolution of normal form of A\;v; by Br,r) Let \icjy i
be a function under normal form, as defined in Definition 1, and Brr o rate-
latency function such that R > r.,.

10
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Then, (/\ie[lm] %-) @ Br,r can be computed on R>.

/\ v | @ Br,r =R, YR,B A /\ (vi @ Br,T)
i€[1..n] i€[k,n]

/\ v | ©@Brr |(0)=BA /\ (b; + 7 T)

i€[l..n] i€[k,n]
with B = RT + y;, — Rxy,.

ProOF The proof is quite simple: just notice that Srr = 07 ® Ar and remind
that f@(gh) = (fog)2h. Then, (Aiepr.n )28 = ((Aiepron %) @ Ar) 0
dr. And, for continuous function, (f @ or)(t) = f(t —T).

From previous Lemma, (/\ie[l..n] %-) @ Brr(t) =r, YR.B N /\ie[k,n] ~;. And
[LBTO1, Figure 3.8] shows (v; @ Br,7)(t) =rs, Vi(t —T).

It should be noticed that, if all r; are lesser or equal to R, (k = 1 then the

term g, p is useless, because Yr. B = YR, RT+b1 = Vry by -
Moreover, if T' > zj,, the term g p is also useless: is comes from the fact
that Yr,5 > v, 1, (see Corollary 1 for details).

Corollary 1 (Properties of the vg g term) Here are a few properties of
the terms of Lemma 3.

(i) A big T removes the yr g term: if T > xy, the term yr p s useless.

T>ay=vrpN \ 0Brr)=r, [\ (vi©Bar)
i€[k,n] i€[k,n]

11



(it) If T < xy, functions ygr,p and /\ie[k,n] (7i @ Br1) intersect at point x—T .

Y8k —T) =y = /\ (vi @ Brr) | (28 = T)
i€ [k,n]

PROOF  Proof of (i) To prove that yr,5 > 7, 1/, We have to prove that R >
i, (obvious, by definition of k) and B > b}, = by, + r;, T

The definition of B is B = yi + R(T — xj). So, under the as-
sumption that T" > x, we just have to prove that yi > by + riT.
It comes from yi = ripxy + bg. O

Proof of (ii)

"YR.,B(xk —T) e R(:Z?k —T) + B = Rz, — RT + RT + yi, — Rxy,
=yk =(zr) =m(@e + T = T)
=(woPrr) (2K —T)

4.3 Sub-additive closure of the results

Theorem 3 (Sub-additive closure of deconvolution of normal form of A;~; by Br,r)

Let {~;} be a finite set of vy, b, functions under the normal form of Lemma 8.

<(/\ ¥i) @ 5R,T> =YR,B A /\ (Y00 @ Br,7)

T»LSR

=YR,B N\ /\ Vribi+ri T
T»LSR

with the same definition of B than in Lemma 3.

PrOOF Going from the equality on Ry to equality of sub-additive closure is
done the same way that for Theorem 1 and the fact that the convolution of star-
shaped function nul at origin is simply the minimum of the functions [LBTO01,
Theorem 6.3.1].

We have:

(/\ Yi) @ BrT > YR,B N /\ (v @ Br,T)

T»LSR

= (/\%‘)@ﬁR,T > YR,B N /\ (v @ Br,T)
[ <R

12



and the right term can be simplified

YR,B N\ /\ (v ©PBrT) =TRB® ® v @ Brr by [LBTO1, Theorem 3.1.11]

ri<R ri<R
=VR,B® ® Vri b} by Theorem 1
ri<R
=vr,B A /\ Vri b by [LBT01, Theorem 6.3.1]
T»LSR

That is to say

(Av) @ Brr >vrB® Q) 7@ Brr =7r8N \ Wi
i ri<R ri<R

Moreover, by definition of sub-additive closure (f = dg A f A...), we always

have f < §oAf. And, for f = (A, Vi) @Br,r we have oA f = YR.BAN,, <R Vri bl
Both inequalities have been shown, then, equality follows. B O

Corollary 2 (Sub-additive closure of deconvolution of normal form A, ~; by d7)
Let {v:} a finite set of vy, », functions under the normal form of Lemma 3. Then

((/i\m m) =\ G 007)

%

((/\ Fyi) @ 5T> (O) = /\ (Fyriybi‘i’TiT)

K3

ProoOF The proof directory come from the observation that o7 = foo, 7. O

5 Aggregation of /A v; sharing a FIFO [ server

When several flows share a server, it is usefull to know which service is offered
to each flow. This is called “aggregate scheduling” [LBTO01, Chapter 6]. They
are several results, depending of the server policy (blind, priority, FIFO).

If two flows R; and Ry with arrival curves a; and as share a server S with
0 service curve, we have some results depending on the server policy.

Blind the server offers to R; the service curve (; of (7), [LBTO01, Theo-
rem 6.2.1], under the conditions that § is a strict service curve for S,
and that 3; is a service curve

B =[5 —as" (7)

Non-preemptive priority if the server is non-preemptive®, and if R, has
strictly higher priority, and if 3, is the maximal size of a Ry message,

3Which is often the case: the sending of a frame is never interrupted by the arrival of
another one.

13



then [LBTO1, Corollary 6.2.1], the server offers j3; to each flow R;, as de-
fined in (11), under the natural conditions that the [; are service curves.

Br=[6-13," B =[B—aa]" (8)

FIFO for each @ > 0, the server offers to R; the service curve 3¢ of (9), [LBTO01,
Proposition 6.2.1], under the natural condition that 3¢ is a service curve

BL(t) = [B(t) — az(t = 0)]" 150 (9)

with 1559y = 1if £ > 6, 0 otherwise. However, this does not gives one
service curve, but a family. And it may not exist a 6 better than all
others. Nevertheless, we knows that the output flow R} is constrained by
o [LBTO1, Proposition 6.2.2].

af = fnf (a1 @ fy) (10)

The aim of this part is to study these results of aggregation of shaped leaky
bucket.

First of all, it must be precised that we are not going the problem of two
flows with arrival curves /\ie[l”n] Yrib; and /\ie[l”m] Yr: b, sharing a server, but
only when one /\ie[l”n] Yr;.b; Shares a server with a flow of arrival curve 7, .
This approximation is made because we are not able, up to now, to compute
the general case, and because if a flow has /\ie[l“m] Yri b, @s arrival curve, it
also have v,, 1/ as arrival curve. Then, our results can also be applied in the
general case, but it gives a pessimistic upper approximation.

That is to says, we only consider a; = /\ie[l_n] Vribis @2 = Yrpand 3 = Br 7.

Under the previous simplification, both blind and priority are very simple
to compute, because the 1 functions are of the form S r (11),(12).

Brr —lu] " = Brrsiy (11)
[Brr — yrp] " = Br_p, mrss (12)

Theorem 4 (Aggregation of A ~; and v, through a Brr FIFO server)
Let {v1,...,v} be a finite set of v, b, functions under the normal form of
Lemma 3, let ap = vy, and Br,r such that R > r +r,. Then, we have

;gg (/\% @65) <r,B' N\ /\ Tribitr (T+2) (13)

ri<R;

with ¥ =R—r, B =yo + R'(T+ % —2,), k=min{i | r; < R'} and B{(t) =
[B(t) — az(t = )] Lisey

PrOOF The proof is given in appendix A. It is in french up to now.

14
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Figure 7: Three flows sharing two servers

The result is not very suprising: the formula really looks like the one of
A7i © Brr obtained in Theorem 3. Yr/ 5 AN\, < g, Vr py4ri(r+2) = [NV ©
ﬁR/,TJr%

That is to say, a Br,r FIFO server is like a server with a lesser service rate
R' =R —r, and a delay T + %, that is to say, the own delay of the server, T,

plus eventually the time necessary to handle a burst form the other flow, %.

Moreover, it also means that 8 = T + % is a good choice when trying to
compute the service 3¢ offered by the shared server to the flow R;.

6 Example and comparison

To get an idea of the benefit of this method, we are going to study the example
of Figure 7 with several methods.

Let assume that each flow R; (resp. R}) has a; (resp. «}) as an arrival
curve, with i € {1,2,3} and each server S* offers service curve 8% = Sgx 7,
with k € {I,IT}.

6.1 Curves are leaky bucket

In the first case, we are modeling the system with the well known leaky bucket
constraint (a; = Yr,;.b;)-

In this case, it is well known ([LBTO01, Corollary 6.2.3]) that the optimal
choice of 6 for B{(t) = [B(t) — aa(t — )] Lissey (cf (9)) is 0 =TT + L2 and

A
leads to o} = 7r1,b1+r1(T1+% .

The delays d and di! experimented by the flows Ry and Rs can be com-
puted.

Lemma 4 (Delay of aggregation of two leaky bucket sharing a FIFO GPS node)

When two flows Ry, Ry of respective arrival curve vYr, b,,Vry,b, Share a server
with FIFO policy and service curve Brr (R > r1 + r2), they both experiment
the same mazximum delay d defined by:

bi+0

15



This result is easy to get. It is a bit surprising, because it means that the optimal
choice of 8 from delay point of view in equation 9 for each flow is § = T+ %,
as for tightening the output, the better choice is 6 = T + % for the flow R;
and 0 =T + % for the flow Rs. But, it is not surprising from another point of
view, since T + bl;gbz is the global delay for the aggregate flow Ry + R, and in
FIFO mode, the delay experimented by each flow can not be greater than the

one of the global flow.

PROOF The proof is in appendix B.
From the previous Lemma 4, we have:

b1 + by
RI
bll + b3
RII

b —|—b T b
T]] 1 3 1 T[ 2
+ RII + —RH ( + _>

di =T+

aif =117 4

To compute the end-to-end delay observed by the R;, with the help of the
“pay burst only once” principle, we have to compute the service offered by the
concatenation of both servers S7 and S/, Using the FIFO assumption and equa-

tion (9), for all # and 677, ([ﬁl(t) —as(t — 91)] * Lit>01)®( [5”(15) —ao(t — 9”)] * Lit>0})-
Using [LBTO01, Corollary 6.2.3] once more, the best possible values are

I _ I IT _ Il
0 T + =7 2] T + —7T
With these values

([B7(t) — az(t — 7)) Lympry) ® ([B7(1) — an(t — ') T 1yspiry)

ZBRI_T27TI+% ® BRII_TS)TII ;?I = ﬂ(RI_TZ)/\(RII_TS)7TI+TII+%+RZ?I

and the end-to-end delay ds can be computed:

by by by
d — TI TII e Y3
2 Tt TRt (BT —12) A (BT —rg)

It could be compared with the sum of the local delays df and di!.

b +b2 b +b3 T bQ
I IT _ I I7 1 1 1 I
dy +d T + T + + _|__<’l _|__>

6.2 Curves are shaped leaky buckets

In this section, the modeling of the arrival curves «; is different. It is based
on the observation that the arrival rate is constrained by the throughput D
of the link. Then, the flows can be modelled by arrival curves of the form
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Y1+ 72

Ngi ﬂRl,TI

xT

Figure 8: Benefit from the shaper modeling

o; = Ap A Yr,p;- In network calculus terminology, the link can be seen as a
shaper with curve Ap. The idea of adding the link constraint to the flow comes
from [Gri04, GFF03].

The Figure 8 illustrates the benefits of the modelling of the shaper in your
example: instead of computing the delay d, its gives d9.

6.2.1 Computation with ”distribution of aggregate delay”

But, since they were not able to compute convolution and deconvolution on
such arrival curves, a conservative approximation was done, which can be called
“distribution of aggregate delay”. The idea is the following: even with this kind
of curve, it is easy to compute the delay d experimented by the aggregate flow.
And, in a FIFO server, the delay observed by each individual flow is at most
the one of the aggregate flow. Then, the service offered to each individual flow
can be approximated by a single delay d,4.

Then, if d denotes the delay observed by the aggregate flow R; + Ry in
server S, this modelling give another expression of .

o) = (AD AYryby) @041 =YD, Dar A Vry by +Ddl

We do not give an analytical expression of d!, since it depends on the rela-
tions between r1,b1,72,b2,D and R, but it can easily be computed by a simple
ad-hoc tool.

Then, the delay d’! observed by the aggregate flow R} + R3 can be computed.

In this modelling, there is no way to compute the end-to-end delay, and ds
is only the sum of the two local delays.

dy = d! ds = d'! dy =d' +d''
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EXp R T 1 b1 T2 bQ T3 bg d(f déll dll) dg dg dg dg dg ¢
El |1 1]z 4[5 2 ]2 ]2 14 135 |12 7 6 7 8 75 | ¢
E2 [1 [1 ][5 |23 [4]3 [4]13 14.33 [ 12 7 6 9 9.5 [833]1
E3 |1 |1 ]2 |4 [& 3 1512 744 [430 [366 [55 [210]527 |60 |220]¢F
E4 [1 |1 |2 (4|53 &3 [744 [430 [366 |55 |210[527 6.0 [220]F
E5 [1 [1 ]335 [4 3 [4]1075]441 102755 [21 [216[6.0 |231]:
E6 [10[1 |2 [4 [5 [2 ]2 |2 [28 [244 [242 [160]122]141|1.64]1.22 1
E7 [10]1 |2 2|2 [4 ]3[4 ]300 [250 [281 |1.60122[1.22]1.67 1281
E8 [1 [ ]3[4 ]35 [2 |35 [2]125 [11.81]105 [6.25[525]|6.25][7 6.56 | 7
E9 |1 [3]3 |23 [4]3 [4]115 [1258]105 [6.25]525]825]835]7.33]1

Table 1: Numerical comparison of the different strategies for the net of Figure 7

6.2.2 Computation with your results

With your new results, we can compute the service S{ and S offered by server
S! to the flow Ry and Ry, using T + b—é as a good choice for 6.

I _ I _
By = BRI_T27TI+% Pa = BRI—rl,TI-ﬁ-

by

RrRI

With this curves and the tool presented in previous section, we are able to

compute dp and d!, the delays respectively observed by Ry and R; in server ST.
The same way, we can compute {7 and 3. The expression of 3{! is simple,

but the one of 85/ depend on the computation of o} = infg>¢ (Ap A Yry.6,) @ B3)s
and as a complexe analytical expression.

17 _ ﬁ b
1 RII_T37TII+R7?I

6.2.3 Numerical examples

To compare the different strategies, we have defined some numerical configura-
tion and computed the delays d;, d2 and d3 of the flows Ry, Ry and R3. The re-
sults are presented in Table 1. In all the example, we have chosen R = R/ = D,
and T7 = T1!. Notation d? denotes the delay d of flow i computed with the
method x, where x = o is the original method, without shaping presented in
Section 6.1, x = g is the method of [Gri04, GFF03], and 2 = b is our new
method.

In experiments E1 and E2, the network elements are charged at 83%, and
the size of the different flow are comparable. In experiments E3, E4 and E5,
the network load is smaller (43%) and some big and small flows are mixed.
Experiments E6 and E7 are the sames than E1 and E2, except that the network
elements are 10 times more powerful, which lead to a small load (8%). At least,
E8 and E9 are the sames than E1 and E2, but with smaller delays from the
network elements.
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The global conclusions of these experiments are: the method ¢ is always
better than o for local delays (dz and d3), and in most cases better even for the
end-to-end delay d; (all except E1). Your new method is also better than o for
local delays (except for E9), and always better than o for end-to-end delay.

The comparison between g and b is not so clear: g is always better than b for
local delays, and b is in general better than g for the end-to-end delay (always
except Eb).

The particularity of the E5 configuration is that the end-to-end flow is very
small compared to the other. Then, the “pay burst only once” principle, that
avoid to pay its own burst in each network element, gives a little gain compared
to the cost of multiplexing with the other flows.

7 Conclusion

It had been shown in [Gri04] that taking into account the shaping of aggregate
leaky bucket really decreases the bounds computed in network calculus.

This gives arrival curves of the form A «;. We have calculated how to handle
this kind of curve with 8g 1 service curves, event in case of aggregation.

We have done some experiments on some configuration that shows that our
new formula are in general better than the older one.

We know have to test theses formulas on real case studies, to see which the
benefits are in real configurations.
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A Proof of Theorem 4

At first step, let us consider the inner term Sy ¢ def (A @ B3)(t) before trying
to get its inf.

19



A.1 Solving Sy, = (A7 @ 8Y)(t)

The definition of the convoluion is:

(Av28) ) =sw{ Avtt+w) - gy |

u>0

with
65 (’U,) = [BR,T(U) - FYT‘,b(u’ - 9)]+ 1u>«9

Commengons par étudier 84 (u) = [Brr(w) — Vrp(u — 0)] T 1ys0.

A.1.1 Simplification du terme 3} (u)

[Br,(u) = yrp(u — O] = (Brr(u) = Yrp(u — 6)) \/ 0

_J Ru-T)VO siu<6

_{ (R—=7)u+70—RT —b)\JO sinon

:{ Br,r(u) siu<6
(R'(u—Tp))\VO siu>0

(
r(u) siu<é6
u

Br
=<1 R(u—Tp) siu>Tpetu>0
0 siu<Tpetu>~0
RT+b—r6
avec R =R —retTy = alAborh
R—r
Donc, lorsque l'on rajoute le terme 1,54y on a:
0 siu<(0VT,
g =1, Hus OV (14)
R'(u—"Tp) siu>(0VTy)

It can also been expressed depending on the relation between 6 and Ty
O<T) < 0T+ %), removing u.

b

B = Brr.z, if9<T+2)
. b

55 = Brr 1y lu>0 iHfo>T+ E)

A.1.2 Report de I’expression de 3} (u) dans Sy,

Puisque 4 (u) change d’expression en 0 V Ty, on peut décomposer la recherche
du en deux partie: sur [0,0 V Tpy] et sur |6 V Ty, oo.
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Spt = sup (/\’yi(t—i-u))
0<u<OVTy

\/ sup (/\%‘(t +u)— R (u— Tg))

u>0VTy

Or, la fonction A v; étant croissante, le sup est atteint en u = 0V Tp.

Soa=Nut+6vT)\ sw {Awult+w) -R@-1)} (1)
~ _ u>0VTy
Sp1

2
So.¢

A.1.3 Etude du terme 592,15

Etudions de plus prét le terme S ;- Pour cela, étudions la fonction f; g définie
par

fro Ry =R
u»—»/\fyi(t—i-u)—R/(u—Tg) (16)

On a bien

Sgo= sup {fre(u)}
u>0VTy

Etude de la fonction f;9 L’étude de la fonction f;¢ est assez simple: elle
a déja été faite pour le calcul de A~; @ Brr. La fonction est croissante “tant
que” les pentes r; sont supérieures & R’, puis décroissent.

On rappelle les inégalités suivantes:

T < Thnel <Tpoo < - <71 (17)
rn <R (18)

On note k = min {i | r; < R'}, et x abscisse de l'intersection entre vy;_1 et
ik, avec le cas particulier 1 = 0. Alors, f; ¢ crois strictement jusqu’a t +u = xi,
puis décroit.

U T —t
flo <0 0 >0
Jt,0 / N

Expression de Sﬁe D’apres les variations présentées en (A.1.3), le calcul de
St2,9 est assez simple: soit 0 V Ty est avant x; — ¢, et le sup est atteint avec le
max en xy — t, soit 8 V Ty > x;, —t. Dans ce cas, fig décroit sur 8 V Ty et son
sup est la limite & gauche en ce point. Comme la fonction est continue, la limite
a gauche est la valeur en ce point.
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o _ Jfrelar—t) sizp—t>0VT, 19)
6,0 ft_rg(o\/Tg) stz —t<0VTy
A.1.4 Expression simplifiée de S; g
En reportant ’équation (19) dans (15), on obtient:
ftg(xk —t) siaxp—t>0VTy
Sp = i(t+0 VT, ’
bt /\7( e)v{ft)g(e\/Tg) sixp —t<0VTy
i — Rl(xp, —t =T, iz, —t>0VT,
:/\%(t—i—H\/Tg)\/ Nvilzr) (K / b) sl —t2 b
/\’yi(t-l-@\/Tg)—R((o\/Tg)—Tg) sixzp, —t<0VTy

_ S A+ 0V To) v (Aviwk) + R (t + Ty — x1)) stz —t>0VTy
(A7t +0VTe)) vV (ANvit+0VvTy) — R((OVTy) —Tp)) siazp—t<OVTy

Si on regarde de plus prét le cas x < 8VTp, on voit que R'((AVTy)—Tp) > 0,
donc /\"yi(t +0vV Te) — R’((9 V Tg) — Tg) < /\’}/i(t +6Vv Tg).
Donc, le deuxiéme cas pouvant se simplifier:

g, — (AYi(t+0VTo))V (ANvi(zr) + R (t+Typ—ay) siaz,—t>0VT,
VA + 0V TY)) stz —t<OVTy

S’il on distingue les relations d’ordre entre 6 et Ty, en qu’on substitue alors
0V Ty par son expression, on peut distinguer trois expressions, S, Sf o€t Sig,
définies par:

@ L NUE+0) V(Avilan) + R(E+To—ap)) siag—t>0>T,

So.t =4 S0y B (At +To)) V (Avilzw) + R(¢+To — zx)) siap—t>Ty>0

St & (A7i(t+0VTy)) stz —t<0VTy

A.2 Calcul de infp>g S

La complexité du calcul de infg> St ¢ va venir du fait que S; ¢ change de forme
en fonction des relations d’ordre entre xp — t (constant pour la recherche de
infg>0), 6 (que 'on fait varier), et Ty, qui est une fonction de . On va donc
devoir identifier des intervalles I sur lesquels la forme de S, 4 est stable. Ensuite,
une fois définit que S; 9 = S7, pour z € {a,b,c} sur un intervalle 1, il faudra
calculer I'inf sur cet intervalle I , puis comparer les différents inf.

Nous allons dans un premier temps montrer comment les relations entre
xp —t, 0 et Ty se déduisent de relations entre xp — t et deux autres termes
indépendants de 6 (section A.2.1), puis faire un pré-calcul des inf des termes
Sa, Sh, et S¢, (section A.2.2). Restera ensuite & intégrer tous les résultats
dans tous les sous-cas (section A.2.3).
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A.2.1 Relations entre z; —t, 6 et et Ty

L’expression de S; o changeant de forme en fonction des positions respectives de
xr — t, 0 et Ty, il nous faut pouvoir identifier cet ordre. De plus, comme nous
allons beaucoup manipuler 'expression zj — t, et que seul sa relation d’ordre
avec deux autres variables 2’ et 2 sera utilisée, nous introduisons une notation
plus compacte zt.

¢ def

xt =z —t (20)
e b
0>Tp) — 0>a a:/d:fT—i-E (21)
of RT+b+ R (t —
2t >Ty — §>2" o b+ Rt — k) (22)

r

On remarque que z’ et z” sont indépendants de #. On va donc pouvoir
calculer infg>( S, , en fonction des relations d’ordre entre z*, 2’ et 2.

Tous les entrelacements entre x!, ' et " peuvent-ils exister ? En fait, non,
car r”/ < ' <= 2/ <zt (cf (23) et (24)).

b

x"ga:'<:>t§xk—T—}—% (23)
b
xlgxt<:>t§xk—T—}—% (24)

If faut aussi noter que Ty = % est une fonction décroissante de 6.
Nous allons aussi avoir besoin de calculer Ty pour certaines valeurs particulieres

de 6.
Tx/ = Jj‘/ Tz” = :Ct

PROOF (EXPRESSION DE T,/ ET Tj)

RT +b—ra 1 b 1 r
Ty=——F =% (RT+b—r(T+—>) z—(RT+b—rT——b)

R R’ R
1 , R b
= — T —b :T — = /
T <R +R> —|—R x
_RT+b—r2" 1 RT +b+ R'(t — )
Tx”—T—ﬁ(RT—Fb—T ,
:E(RT—FZ)—RT—Z)—R/(t—Ik))::Ek—t
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PrOOF (PREUVES DE (23) ET (24)) e Preuve de (23)

b
o <2 <:>RT+b+RI(t—Ik)§T(T+E)

<:>R/t§(T—R)T—|—%b—b+R’xk

R/
— Rt<-R'T - Eb + R'xy,
b

:}tﬁxk—T—ﬁ

e Preuve de (24)

b
<z —t < tg:vk—T—}—%

o] =

A.2.2 Etude des variations des termes Sfﬂ R Sf,@ et Sf,@

. s a b ¢ ;s .
Nous pouvons faire une pré-étude des termes 57!y, S/ 4 et Sy, pré-étude qui sera
ensuite utile pour calculer I'inf de ces termes dans des intervalles particuliers.

Etude de inf,,<g<ar 57y Ce terme est celui aux variations par rapport a
les plus complexes. Rappelons sa forme

Sig = (/\%(t—l— 9)) v (/\’yl(a:k) + R (t+ Ty — xk))

Il s’agit du max entre deux termes, A 7;(t+46), qui est croissant par rapport & 6,
et Avi(xr) + R (t+ Tp — xy) qui lui est décroissant (puisque Ty est décroissant
par rapport a 0).

Or, il n’existe pas de relations exacte entre inf(f V g) et les termes inf(f)
et inf(g). On a juste I'encadrement donné dans 1’équation 25, mais il peut étre
tres grossier.

sup(f) V sup(g) = inf(f V g) > inf(f) V inf(g) (25)

En supposant que f est croissante et g décroissante, et que tous deux sont
continues sur un intervalle I = [m, M|, on peut identifier plusieurs sous-cas:
soit il n’y a pas d’intersection entre les deux courbes sur I (cas (i) et (i) de
la Figure 9), et l'inf de f V g est l'inf de f ou de g, que 'on peut facilement
calculer (f(m) ou g(M)), soit il existe un point d’intersection z, et inf;(fVg) =
f(z) = g(z). Sile calcul effectif est trop complexe dans notre cas, on peut tout
de méme obtenir une approximation.

FQI) Aglm) > inf (V) > f(m) v (M) (26)
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Figure 9: Les différents cas pour inf;(f V g) avec f 7 et g\,

Etude de inf,, << 5’39

Ses = (/\%(H— Te)) Vv (/\%‘(f%) +R'(t+ Ty - «Tk))

Ici, les deux termes A v;(t+Tp et A vi(xr)+ R (t+ Ty — xy) sont décroissants
par rapport a 6. Calculer 'inf de Sg7t, c’est donc calculer inf(f V g) avec f et g
décroissantes. Dans ce cas, c’est assez simple:

[%?L](f\/g):f(M)\/g(M)

Mais on peut aller plus loin: on a donc

inf | Sgyt = (/\'yi(t + TM)> Y (/\%(xk) —R'(t+Ty— xk))

[m, M
Or, on peut calculer le plus grand de ces deux termes.

Lemma 1 Soit u un réel positif

A vilt+u) < \vilar) + R (¢ — zp + )
Proor
N vilt+u) < N\vilar) + R (¢ — 2p + )
At N\t +u) = Ru < \vizx) + R (t - 1)
— N\t +u) = R'(u—Tp) < \vilzx) — R (z — t — Tp)
e fro(u) < fro(zp —t)

On retrouve la fonction f; ¢ définie dans I’équation (16), et étudiée au para-
graphe A.1.3, dont on sait qu’elle a sont maximum en zj — . O

Donc, avec u = Tar, Avi(t +Tar) < Avi(t + xx) — R (x, — Tar)-
En conclusion:

[in{ﬂ Sg_’t = /\”yz(xk) + R'(t+Tn — xp) (27)
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Etude de inf,,<p<ps Stcﬂ Le terme est tres simple:

fo= [\t +0VTy)

Si I’on se place sur un intervalle [m, M] ou la relation entre 6 et Ty ne change pas
(ce qui sera le cas dans la suite), seul un des deux terme reste dans ’expression.
Comme A v; est une fonction croissante, et que Ty est une fonction décroissante,
on a:
inf S¢, = {/\%(t—i—m) S%HZTQ sur [m, M] (28)
m<O<M Nvi(t+Ty) si6<Tysur [m, M]

A.2.3 Calcul de St,@ dans les différents cas

Nous allons maintenant étudier les 2 relations d’ordre possibles entre les trois
constantes ! (1), 2’ et 2", et en déduire une expression de S, ,. Dans le cas ol le
calcul exact serait trop complexe (tous ces calculs sont fait pé)ur étre implantés),
nous donnerons une sur-approximation. En effet tous ces calculs sont réalisés
pour obtenir une courbe d’arrivée a a des flux R. Or, on sait que si « est une
courbe d’arrivée de R, et si o’ > a, o’ est aussi une courbe d’arrivée de R, mais
moins précise. Ici, si a est incalculable, nous nous contenterons de .

La démarche de calcul de infg>¢ S, 4 consiste a décomposer [0, o[ en inter-
valles donnant la forme de S’tﬂ, de calculer I'inf sur chaque intervalle, puis de
faire le minimum entre les différents termes. expliqué en détail, et les suivants
plus rapidement.

Calcul de S, 4 si 2" <’ <a' (c-a-d t <ap —T — 3

R
0 z" ' xt
O0H#Ty 0<Ty | 0>Ty
:Z?t#Tg xt S T9 | xt Z T9
O#at 0 <zt | 6>at
(1) | (%) B @
St,t‘) tc,e | St,e | fel,e | Stc,e

Nous avons donc dans ce cas:
infS,,= inf SiyA inf Sfa A inf  SP. A inf SP,
>0 0<o<z 7 gr<<a’ 7 wr<o<at U zt<e
Etude de chaque terme Etudions chaque terme:

e infoco<ar Sig

inf Sfo=inf (/\v(t+0vTp))

0<6<z" 0<o<az"
= /\%‘(t +Tyr) d’apres (28)
= /\%‘(Ik) car T = xp — t

42t est un raccourci pour x —t
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o infyrcpcqy Sf,@ 11 suffit d’appliquer I’équation (27)

inf SPp=Nvilzr) + R(t+ T, —ax) = Nvilw) + R (t+a" — )

2" <0<z’

(] infmlgggmk Sﬁe

On est dans le cas f(m) < g(m) et f(M) > g(M), soit le cas le plus
défavorable.

En effet:
= /\%(t—kx’) /\”yZ Y+ R (t+ Ty — x1)
_/\")/Z —|—R/t—$k—|—$)

Or, d’apres le Lemme 1, Av;(t + u) < Avi(zx) + R'(¢t — o + u), donc,
avec u =z, f(a') < g(z').

= N\ i) g(z') = N\yilar) + R (t + Tor — 1)
Or,t+Tyt —x <0,caronsaitque T, —u <0 < u>T, < u>2a
(avec u = zt). Donc, f(x?) > g(zt).

La seule conclusion que ’on puisse tirer est donc un encadrement

f@)ng@) > inf Sty > f(2)Vg(ah)

z/ <O<xp
La borne supérieure se simplifie bien.
fa)nga') = /\%‘(fck /\% xy) + R (x /\% k)

H,_/
>0

Par contre, la borne inférieure se simplifie mal.

f(@)vglz /\%t—l—x \//\%xk )+ R/(Tye — 2t)
On a Avi(t +2") < Avi(zk) (°) et R/ (T — at) < 0, donc pas de com-
paraison simple entre les deux termes.

On ne peut pas non plus utiliser le Lemme 1, puisqu’avec © = ¢, on a
une tautologie (A vi(zr) < A7i(zk)) et avec u = Ty, on obtient juste

Ai(t + Type) < g(xt), mais A vi(t + Tue) < Avi(xp)-..

En conclusion, on a, pour z” < 2’ < xt:

Avlen) =l St = (Aw(t+a) V(A + R+ T — )

[ ] infztgg Stce

zt <0

inf Sy = 1nf (/\Wi(t—i-H\/Tg)) :mitngfe (/\%(t—i—ﬁ)) = /\%-(xk)

On retrouve le premier terme.

5Puisque o’ < 2, d’ot1 t + x’ < a3, et /\y; croissante...
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Calcul du min des termes Donc, en rassemblant les différents termes,
on a, pour z” < 2/ <zt

inf — inf c nf b inf a inf S°
9120 St,@ oglglgm” St,@ A z”IS%Sz’ St,@ A m/guﬁlgmf St,@ A mltnge St,@

. _ . . / ! _ : a .

inf Suo = /\vilwe) A N\vilew) + R (42" —a) A inf SEo A N\ i)

Or o’ < z', donc R'(z' — 2') <0, donc A\ vi(zx) + R (t + 2’ — zx) < N\ vi(zr)

inf S, , = (z R(t+a2' —ap) A inf S7
020 t,0 /\%( k) + R(t+ k) o <0<t t,0

Comme nous n’avons qu'un encadrement du terme portant sur S¢y, on ne
peut faire qu’un encadrement du résultat:

Sy > inf S >S5,
' <0<z

S (N ilow) + Rt +2" = 20)) A (A o) = Avilwn) + R+ = )
S & (N vilwn) + B¢+ —20)) A (At +2)) v (A vilen) + R+ Toe = 21))

Ona Avi(t+2') < Avi(zx) + R (t+ 2’ — x) (Lemme 1, avec u = z').

Mais comparer Ay;(zg) + R'(t + 2’ — xx) et Nvi(zg) + R (¢ + Tyt — )
reviens a comparer =’ et 7. Pour comparer x’ et Ty, il faut jouer avec leurs
expressions respectives:

b RT+b—rat 1

P v _ _ . _ t
v T =T+ = R_T(RT—i—b T — Zb— RT b+m)

r b r
~m (TR e

Comme nous sommes dans le cas 2’ < z%, nous avons ' > Ty, soit A vi(zx) +
R(t+2' — k) > Nvi(zr) + R (t + Tyt —x1). Ce qui nous donne que S, est de
la forme S, = a A (bV¢), avec a > b et a > ¢, d’ou l'inutilité du terme a.

En conclusion, pour z” < 2/ < z¢, la meilleure approximation que nous
puissions avoir est:

/\%(:Ek)—i—R’(t—i—:E'—xk) > inf 5P, > (/\ vi(t + x’))\/(/\ vilwg) + R (t + Type — :Ek)>

/' <0<z
On peut néanmoins simplifier un peu l'expression R'(t + Tt — xf)
R(t+ Ty — ) = R (Tye —2') = RT+b—ra' — R'a' = RT +b— Ra'

:R(T—i—}%—(:ck—t)):R(tJr:v’—:vk)
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Ce qui nous amene a

/\%(:vk)—i—R’(t—i—:v'—xk) > inf 57, > (/\ vi(t + x’))\/(/\ vilz) + R(t + 2" — :vk))

z/ <0<z

Calcul de S, , si 2! <2’ <a2” (c-a-dt >z, —T — L

R
0 xt x/ x//
O0H#Ty 0 <Ty | 0>Ty
xt#Tg 2t < Ty | xt > Ty
O#at |0 <at | 0 > gt
o @ 1 6 | (4)
Stﬂ Stc,e | tc,e | tc,e | f.,e

Dans ce cas, S, 4 est toujours de la forme S, on peut donc décomposer
Panalyse en fonction de 0 V Ty, sur [0,2] et sur [z/,00), et on obtient, pour
bt <l <o

inf S, p = /\ vt +2'
inf Sp9 = Nt +)

A.3 Conclusion du calcul et premiere interprétation

Si on reporte systématiquement les résultats précédents, et qu’on remplace z’,
2" et at par leurs expressions®, on obtient:

e un simple encadrement sit <z, — T — % (c-a-d 2" < 2’ < at)

/\%(:Ck)—i—R’(t—i—x’—xk) > inf S,,> (/\ vi(t + x’))\/(/\ vilwk) + R(t + 2" — xk))

/' <0<z
(29)
e une valeur exacte pour ! <z’ <z” (c-a-dt >z — T — %)
. - ) ’
inf Sp9 = Nt +2) (30)

Mais ce qui nous intéresse est d’obtenir une fonction de t. Il nous faut donc
faire réapparaitre ¢ que ’on avait caché lors de I'étude par rapport a 6.
Quelle interprétation avoir de tout cela ?

Le premier point & constater, c’est la prédominance du terme A ~;(t + z’).
Que représente ce 2’ en terme de calcul réseau ? C’est en fait un simple décalage
a gauche du flux d’entrée, de 2/, sans modification de la forme de la courbe
d’arrivée ay. Et que représente ' = T + % ? FEt bien, T est le délai propre
du service 3, et % représente le temps nécessaire au serveur de service  pour
traiter une rafale b du flux as.

6Ces notations n’ont été introduites que pour alléger les calculs lors de la recherche de ’inf
par rapport a 6.
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Donc, quand le flux de sortie & pour courbe de service A v;(t+2') = Ay (t+
T+ %) =Av{Et+T)0d 5, cela signifie simplement que le flux Ry expérimente
une simple retard % , nécessaire pour traiter une rafale de R;, mais qu’une fois
cela fait, il a “son tour dans la file” et plus de contrainte spécifique.

Cela correspond bien a ce que I'on attend d’un systemes partagé FIFO: apres
que le serveur en a fini avec I’autre, c’est comme si on était seul.

On voit aussi que c’est le pire cas, c’est a dire que quand la solution n’est
pas de cette forme la, c’est que ce terme a disparu au cours des calculs, et que
la solution est plus petite que ce terme.

Le terme A 7;(zg)+ R’ (t+ 2’ — x1) ressemble lui au terme yr g qui apparait
dans le calcul de la déconvolution d’un terme A -y; par une fonction Sg 7.

On note aussi que la solution calculée est continue: au point ¢ = zx — 2/, on
a Ayt +2') = Nvi(zk), Nvilze) + R (¢ + 2" —zk) = Avilzw) et Avi(ze) +
R(t+a’ —x) = Nvizk).

Dans la mise en pratique, on ne va considérer en fait que la borne supérieure
du résultat, car on sait que si « est la courbe d’arrivée d’'un flux, et si o’ > «,
alors o/ est aussi une courbe d’arrivée du flux. On a pas de résulta similaire sur
une borne inférieure.

Si on cherche une expression unifié compacte, on peut noter que que sur [z’ —
zi], Avi(t+a') = /\izk Avi(t+a') = /\iZk Ai(t) @62 = /\nSR’ A7i(t) @0q.

On peut aussi noter que pour t > 0, A vi(zg) + R (t+ 2’ — xx) = Yr B avec
B' = Nvi(ze) + R (2" — ax).

Comme, pour tout t < 2" —zy, Yr/ 5/ (t) <\, <p A 7i(t) @2, on a

. . 1
v >0 inf (A% @ 6) < G A _/<\R,~y 06, )(t) (31)

Il reste a régler le cas de la valeur en 0. Il faut pour cela passer a la cloture
sous-additive.

Donc, on peut dire que si un flux R de courbe d’arrivée A v; est agrégé avec
un autre flux de courbe d’arrivée o, en entrée d’un serveur de courbe de service
Br.T, alors la fonction (32) est une courbe de service du flux de sortie R'.

. 1 - ¢
inf (/\ ¥ © f)’e) <vrp A\ %@y (32)
- ’I‘iSR/
avec R = R—r, B =y, + R'(T + % — ), et k = min{i|r; < R'}, et xx
Pabscisse de lintersection entre v;—1 et Vi, yr = vi(zx) avec le cas particulier
r1 =0, y1 = b1.

B Proof of Lemma 4

The proof is done for flow R;. For each 8, 8} = [B(t) — aa(t — 0)]" Li¢soy, is a
service curve of the service offered to Ry. It is shown in the proof of Theorem 4

(appendix A), that 8§ = Br—r,, 1y, Les6, With Th 9 = %2”9.
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Ty 0

Figure 10: Function 8§ for 6 > T + %

Ifo<T+ %, ﬁé = BR—ry,T1., then, the delay d; g can be computed:

b1 7RT+b1+b2—T‘26‘

dig =T
1.6 179+R—T2 R—TQ

In this case, the minimal delay for 0 < 0 < T + % is when 6 =T + %.

b
inf  dig= (RT+ by + by — ro(T + —2)>
0<0<T+%2 R—rs R
by by
= T —_—
+ R — T2 + R

When 6 > T+ %, the term 1;-¢ can no more be neglected, and the service curve
looks like the example of Figure 10. Then, let us use a graphical reasoning. If
b1 > ys, the expression of dj ¢ is the same. And because b; > y9 <= b >
RO —RT —by <— 0>T+ %. In this case, the minimum is reached when
0>T+ %. That is to say:

b1 +0b
inf d179: (RT+b1+b2—T2(T+ 1+ 2)>
T+ <o<T it —T2 R
by + b2
=T
+ R

In the other case, when b; < yp, then di ¢ = 0, and the minimum is reached
when 6 =T + —bljgbz.
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